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1 Polynomials of the First Kind

There are many ways to define the Chebyshev polynomials. We will define the Chebyshev polynomials of the first kind as

solutions to the following recurrence equation.

) = 0
x) =
x) = x

The following table lists the first 13 polynomials along with their factorization over the integers.

n T (z) Factored

0 1 1

1 T T

2 2% — 1 2¢° — 1

3 42® — 3z T (4172 - 3)

4 8a* — 8" 41 8a' — 82" +1

5 162° — 202° + 5z z (162" — 20z° +5)

6 322° — 482" +18z° — 1 (22> — 1) (162" — 162° +1)

7 642" — 1122° + 562° — T x (642° — 1122 + 562° — 7)

8 1282° — 2562° 4 1602 — 322° + 1 128z° — 2562° + 1602" — 322° + 1

9 256z” — 576z +4322° — 1202° + 9z x (42° — 3) (642° — 962" + 362° — 3)

10 5122'° — 12802° + 11202° — 4002" + 502° — 1 (2% — 1) (2562° — 5122° + 3042 — 482" + 1)

11 1024z — 28162° + 281627 — 12322° + 2202° — 11z z (10242'° — 28162° + 28162° — 12322" + 2202° — 11)
12 | 20482"% — 614420 + 69122° — 35842° + 8402 — 722° +1 | (82" —82° + 1) (2562° — 5122° + 3202" — 64a° + 1)

The recurrence equation can be solved in closed form. This gives the following formula for T, (z)

T (x)

A+ 2
2




T+Var2-1

2o = x—Vx2-1

21

where z; and 29 satisfy the following relationships
2129 = 1

21+ 29 =22

2’1—22:2\/132—1

These relationships can be useful in deriving properties of the T,,(x). If |x| < 1 then we can set = cosd and z; and 22 become

21 = cosf +isinf = e

29 = cosf —isin® = e ¥

So that for x = cos 6 we have - Cind
To(z) = % = cosnb

Using this form for T, (x) it is very easy to derive the orthogonality relationship for these polynomials. Starting with the
following well known integral

‘n' 0 m#mn
/ cosmfcosnfdd =¢ © m=n=0
0 3 m=n#0
and making the substitution = cos f we get
1 7T7'L($)Tn(x) dr = 7(1 mnii Z 0
1 Vi-a? 3 m=n#0

The T, (z) are therefore orthogonal under the weight function w(z) = (1 — 22)~2 however note that they are not orthonormal.
Now if |z| > 1 then we can set © = coshf and z; and 22 become

z1 = cosh @ + sinh 0 = e?

29 = cosh @ — sinh § = e

So that for x = cosh 6 we have
6n9 +€7n0
Tn(x) = — = coshnd

The T, (x) are not orthogonal outside the interval —1 <z < 1.
We will now look at the roots of T;,(x). First note that all the roots are in the interval —1 < 2 < 1 and they can therefore
easily be found using the expression T,,(z) = cosnf with x = cosf. The roots are at

2k — D)7

Qk:( k=1,2,...n
2n

or
2k — )m

k=1,2,...
277, ) < n

xp = cos bl = cos



With the roots in hand, we can write T, (x) in product form as

r)=2""1 H(a: — Tk)
k=1

Other special values of T,,(z) which are easily derived from the above relations are

To(—x) (=1)"Tn(x)
T,(1) = 1
Tn(*l) - (*1)71
TZH(O) = (_l)n
T5p,-1(0) = 0

It is possible to extend the definition of the T, (x) to negative index.

T, (z) = 2 JQFZ2 - ;Zl = Tn(z)

T, (x) is therefore even with respect to the index.
The formula for the product of two polynomials is easy to derive using the trigonometric form
cos(n +m)f + cos(n —m)0  Typym(x) + Tpm(x)

T (z)T)(x) = cosnf cosmb = 5 _ ’

The polynomials can also be combined iteratively as follows
To(Th(x)) = T,,(cosmb) = cosnmb = T, (x)
This property can be used to explain some of the patterns in the factorization of the polynomials that can be seen in the table

above.
The T,,(z) can also be defined by the following generating function

1—tx
T (
1—2tx + 2 Z

2 Polynomials of the Second Kind

We will define the Chebyshev polynomials of the second kind as solutions to the following recurrence equation.

Unii1(x) —22Up(2) + Up—1(z) = 0
Uo(x) =
Ui(z) = 2z

The following table lists the first 13 polynomials along with their factorization over the integers.



n Un(x) Factored

0 1 1

1 2x 2x

2 42 — 1 2z —1) 2z +1)

3 83 — dx 4z (2302 — 1)

4 162" — 124° + 1 (42 — 22 — 1) (42 + 220 — 1)

5 322° — 322° + 6z 2z (22 — 1) 2z + 1) (42” — 3)

6 642° — 80z" + 24a” — 1 (82° — 4a® — 4z +1) (82° + 42” — 4w — 1)

7 12827 — 1922° 4 802° — 8z 8z (22° — 1) (82" —8a” +1)

8 2562° — 44825 + 2402 — 4022 + 1 2z —1) 2z +1) (82" — 6z — 1) (82° — 6z + 1)

9 5122° — 10242” + 6722° — 1602° 4 10z 2z (42° — 22 — 1) (42° + 22 — 1) (162" — 202 + 5)

10 s 6 1 2 322° — 162 — 3223 + 1222 + 62 — 1

10 10242 — 23042° + 17922° — 5602 + 602% — 1 5905 4 160 — 320 — 1227 1 62 4 1

11 2048z — 51202 + 4608z" — 17922° + 280z° — 12z 4z 2z —1) 2z + 1) (22° — 1) (42° — 3) (162" — 162° + 1)
12 10 s 6 4 ) 6425 — 322° — 802 4 322% + 242 — 62 — 1

12 | 40962'? — 112642° 4 115202® — 53762 + 11202* — 842 + 1 564:#* 3205 — 800 — 322° 4+ 2422 + 62 — 1

The recurrence equation can be solved in closed form. This gives the following formula for U, (z)

n+1 n+1
1 T R
Un(x) =
21 — 22
21 = x++vVaz-1
279 = x—+VaZz-1

The 2’s are the same as those defined for T, (z). If |z| < 1 then we can set = cosf so that z; = €', zp = ¢~ and then U, (z)

becomes _ _
10 _ o=in+1)0 gin(n + 1)
Un(x) = 6 _ o—if = no
e —e sin

From this trigonometric form, it is easy to derive the orthogonality relationship. First start with the integral
T T
/ sin(n + 1) sin(m + 1)0df = §6n7m
0
then make the substitution z = cos to get

1
/ V1—22U, () Up(x)dx = %Sn,m
-1

The U, (z) are orthogonal under the weight function w(z) = (1 — 2)2, note however that they are not orthonormal. For
|| > 1 we can set z = coshf to get z; = €%, 20 = e7? and

U () et _e=(+D8 ginh(n +1)0
= el —e—0 ~ sinhf

The U, (x) are not orthogonal outside the interval —1 < a < 1.



We now look at the roots of U, (z) which are all in the interval —1 < z <1 so we can find them using the trigonometric form
of Uy, (z). The roots are at

km
O, = k=1,2,...
k n+1 ) 4y n
or
km
Tk COS Uk COoSs 1 5 4y n

We can then write U, (x) in product form as

Other special values of U, (x) are

Un(=z) = (=1)"Un(z)
U,(1) = n+1

Un(=1) = (=D"(n+1)
Uzn(0) = (=1)"

Usn—1(0) = 0
Tt is possible to extend the definition of the U, (x) to negative index.
-n+1 __ _—n+l n—1_ _n—1
U@ =222 =2 "L — [, ()
Z1 — 22 21 — 22

The formula for the product of two polynomials is

Them (.CC) - T71,+m+2 (17)

The U, (z) can also be defined by the following generating function
1-—- 2t:(“ 1— 2tz +t2 Z Un

3 Relationships Between 7T,(z) and U,(z)

It is easy to derive hundreds of relationships between the T, (x) and U, (z) by using their trigonometric forms or the formulas in
terms of the z’s. Some of the relationships are listed below.

(1= 22)U1(2) = 2Tn(2) — Tosa (2)
To(x) = Up(x) — 2Up—1(x)
Unm—-1 (T)

Un—l (Tm(x)) = Umil(x)
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